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Regression model for oxygen vacancy formation energy

oxides, including complex ternary and quaternary chemistries,
resulting in a mean absolute error (MAE) of 0.39 eV.
Previous studies of oxygen vacancy formation energetics have

focused on rather limited variations in composition and
structure and have reported EV to be approximately correlated
to the band gap energy (Eg)

19,20 or the oxide ́Hf.
21 Although

structure dependences have been suggested, no corresponding
models or material descriptors have been provided. The EV of
certain perovskites have been correlated to the valence band
maximum relative to the O 2p band center or to the Fermi
energy.22,23

To analyze the relationships between EV and bulk material
properties, we directly compute the EV of 45 oxides using the
first-principles methods described below and in the Supporting
Information. These oxides include both binary (one cation
type) and ternary systems (two cation types) composed of
main group and transition metals in antifluorite, corundum,
rock salt, rutile, perovskite, and spinel crystal structures
(Supporting Information Table S1). All reported EV correspond
to standard state conditions. Our previous work24 showed that
the EV of a limited group of 10 perovskites can be accurately
described with a linear combination of ́Hf and Eg. Not
surprisingly, the direct application of this result to the diverse
set of 45 oxides computed here does not perform well, as
shown in Supporting Information Figure S1. The performance

of our previous model is satisfactory only within a single crystal
structure group, implying that the coeffcients in the linear
combination must be determined separately for every crystal
structure. Therefore, an important result of the present work is
the “collapse” of the linear dependencies of diffierent crystal
structures into a single functional form.
As candidate descriptors, we include both bulk material

properties available from calculations or directly from the
crystal structure data (́Hf, Eg, O 2p band centers, Bader
charges, atomic coordinations, bond lengths, etc.) as well as
quantities characterizing the elemental constituents (Pauling
electronegativities, Shannon ionic radii, etc.). A full list and
description of the 13 candidate descriptors is provided in the
Supporting Information.
As shown in Figure 1a, our analysis of the relationship

between calculated EV and these candidate basis descriptors
reveals a relatively simple functional form for modeling EV
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where ́Hf is the oxide enthalpy of formation in eV/atom, EO 2p
is the energy diffierence between of the valence band maximum
and the center of the O 2p band in eV, Eg

GW is the calculated
GW gap in eV, and ⟨́χ⟩ is the unitless average Pauling

Figure 1. The formation energy of a neutral oxygen vacancy (EV) can be accurately modeled by a linear combination of (i) the oxide enthalpy of
formation (́Hf), (ii) the midgap energy relative to the O 2p band center (EO 2p + (1/2)Eg), and (iii) atomic electronegativities (⟨́χ⟩). Models with
band gap values from both GW (a) and DFT+U (b) calculations reproduce calculated EV values with a mean absolute error (MAE) of ∥0.2 eV; DFT
+U calculations provide a significant decrease in computational cost. In the inset of (b), direct EV calculations of 18 oxides not included in the model
development yield a MAE of 0.39 eV and provide an assessment of the predictive accuracy of our EV model. Open symbols indicate observed outliers
as discussed in the text. (c) Individual contributions to the EV model describe (i) the strength of the metal∼oxygen bonds (́Hf), (ii) the energy
needed to transfer the electrons left behind by the removed neutral O atom (EO 2p + (1/2)Eg), and (iii) the charge transfer between chemically
bonded O and metal atoms (⟨́χ⟩).
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• We used the stepwise linear regression to investigate possible models for O vacancy formation entry and to 
select the most statistically significant subset of candidate descriptors 

• Candidate descriptors - bulk properties plus quantities characterizing elemental constituents (13 total) 



Modeling DFT total energy - Also regression
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FIG. 1. Stepwise linear regression sequentially adds and removes terms from the total energy (Etot) model according to their effective
significance probability. The resultant increase in the R2 of the validation set is shown for (a) model 1: all compounds and (c) model 2:
chalcogenides. The best models D were selected based on diminishing increases in the R2 of the validation set. (b) and (d) Intermediate models
A–C and final models D represent specific steps during the build and show increasing accuracy with the number of terms in the model. The
corresponding mean absolute errors (MAE) for the training and validation sets are provided.

predict the !Hf of metal alloys from intrinsic properties of
their constituent elements [29,30], has been shown to perform
well for metal alloys, as well as metallic hydrides [31,32].
Similarly, the calculation of phase diagrams (CALPHAD)
approach has been quite successful in calculating the !Hf of
complex metal alloy systems from thermodynamic properties
of their binary constituents [33,34]. With regard to metal-
nonmetal compounds, the !Hf of binary transition metal-
nonmetal compounds have been shown to exhibit a quadratic
dependence on composition (!Hf (MXz) = az + bz2) [35],
while the !Hf of metal-oxyhalides exhibit a linear correlation
with the !Hf of their constituent oxides and halides [36]. Main
group metal-nonmetal compounds have also been shown to
exhibit a linear correlation between the !Hf of compounds
with different nonmetals (e.g., MCl and MBr) when referenced
to the !Hf of a third series of compounds (e.g., M2O) [37].

More recently, Meredig et al. successfully employed
machine learning techniques to predict !Hf across large
compositional spaces with a mean absolute error (MAE)
∼160 meV/atom [13]. Additionally, a simple heuristic ap-
proach that estimates the formation energy of a ternary system
from the formation energies of its binary constituents has
been demonstrated to achieve predictive accuracy across an
extremely wide range of ternary chemistries, including metal
alloys and metal-nonmetal compounds [13].

Motivated to develop further insight into the physical
mechanisms that influence the magnitude and chemical trends

in !Hf , we employ an alternative approach to predict the
!Hf of metal-nonmetal compounds. In this paper, instead of
modeling !Hf directly, we use stepwise linear regression to
probe the relationships between the Etot of metal-nonmetal
compounds and the physical and chemical properties describ-
ing compound compositions and their elemental constituents.
Predicted !Hf values are subsequently derived from the
predicted Etot according to

!Hf = Etot −
∑

i

ci µFERE
i (1)

where ci and µFERE
i are the stoichiometric coefficients of the

constituent elements and the fitted elemental-phase reference
energies (FERE) [15] of the elements in their standard state
reference phases, respectively. The FERE method signifi-
cantly improves the accuracy of !Hf derived from DFT+U
compared to experiment [15]. Directly modeling the Etot
of compounds instead of their !Hf avoids the DFT+U
problem of properly comparing the energies of compounds and
elements to obtain accurate !Hf . As a result, this approach
also allows treatment of compounds composed of elements for
which FERE values are not available.

The chosen stepwise regression approach has the advantage
of allowing consideration of numerous candidate descriptors,
while the relative simplicity of linear functionals has the
potential to facilitate model interpretation, particularly in
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• Stepwise linear regression again to model DFT total energies of compounds from the available descriptors of the 
chemical composition and elemental constituents (no structural information) 

• A total of ~2,000 compounds (oxides, sulfides,...) formed the training set with additional ~300 as the test set 
• Candidate descriptors - properties describing the compound composition and the physical and chemical properties of 

its elemental constituents 
• We included the: maximum, minimum, range, standard deviation, stoichiometric weighted means, sqrt and inverse of 

each term as well as their products - a total of ~5,000 starting descriptors



Phonon contributions to the free energy
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atomic volumes being associated with less stiff bonds or lower k).
At constant m and V, increasing temperature decreases Gδ when
¼2:48 " 10¼4 " lnðVð ¼ 8:94 " 10¼5mV¼1 Þ 0:181lnðTð=T . This
condition is uniformly satisfied for all 309 compounds in the
training and test sets from 300 to 1800 K, reflecting the
expectation of the negative temperature dependence of the Gibbs
energy from fundamental thermodynamic expressions—e.g., G=
H− TS. With V and T fixed, increases in m result in more
negative Gibbs energies, agreeing with the behavior of a harmonic
oscillator for which α depends inversely on mass and Gδ depends
inversely on α. Finally, with m and T fixed, the descriptor (Eq. 4)
indicates that Gδ becomes more negative for larger V (for V > 1
Å3 atom−1, i.e., all solid systems), in agreement with V acting as a
surrogate for the bond stiffness in the expression for the
frequencies of a harmonic oscillator. Importantly, V is the only
structural parameter in Eq. (4) and therefore, at fixed composi-
tion (chemical formula), Gδ varies between structures (i.e.,
polymorphs) only as V varies and Gδ(V) dictates that less dense
structures of the same composition will have more negative Gδ.
Therefore, the prediction of polymorphic phase transitions is
beyond the scope of this descriptor.

The quasiharmonic approximation (QHA) is commonly
applied as an ab initio method for approximating G (in practice,
Gδ)13. This approach typically requires a number of DFT
calculations because the Helmholtz energy, including the
electronic ground-state energy and the free harmonic vibrational
energy, must be calculated as a function of volume (typically over
a range of 10 or more volumes). Because of the high
computational cost associated with QHA calculations, the
number of structures with calculated G is about 4 orders of
magnitude less than the number of structures with calculated
formation enthalpies, ΔHf. As an additional test set for the SISSO-
learned descriptor for Gδ, we compare our predictions to 131
compounds with tabulated Gδ in the PhononDB set which are not
also in the experimental set compiled from FactSage used for
training and testing the descriptor (Fig. 3a, b). For these

compounds, the descriptor agrees well with the ab initio values
calculated using QHA, with a mean absolute deviation of 60 meV
atom−1. Notably, there is a nearly systematic underestimation of
QHA-calculated Gδ by the descriptor with Gδ

QHA >Gδ
SISSO for

98% of (T, Gδ) points in this set. Comparing QHA to experiment
for an additional 37 compounds with experimentally measured
Gδ available in FactSage reveals a similar systematic deviation
with Gδ

QHA >Gδ
exp for 94% of points (Fig. 3c, d). A number of

factors likely contribute to the systematic offset between QHA
and experiment including the approximations associated with the
calculation (e.g., DFT functional and approximation to anhar-
monic vibrations), the neglect of additional contributions to the
Gibbs energy including configurational and electronic entropy,
and potential impurities or defects in the experimentally
measured samples. It is notable that the deviation between
Gδ

QHA and Gδ
exp is mostly systematic (R2 ~ 0.97), so stability

predictions based on convex hull phase diagrams constructed
using ab initio Gδ

QHA should benefit from a fortuitous
cancellation of errors, leading to even lower errors in practice
than the already small deviation of 41 meV atom−1 on average.
Remarkably, for the same set of 37 compounds, our descriptor
has lower mean absolute deviation from experiment than QHA
(Fig. 3e, f) but does not exhibit this systematic underestimation of
the magnitude of Gδ owing to its exclusive use of experimentally
measured data for descriptor selection. While this magnitude of
deviation for Gδ between experiment and prediction (using
either QHA or the SISSO-learned descriptor) has been quoted as
chemical accuracy (~1 kcal mol−1) in the context of ΔHf

38,
it is important to note that temperature-dependent predictions of
stability using Gibbs formation energies, ΔGf(T), will be affected
by errors in both Gδ(T) and the temperature-independent ΔHf.

Thermochemical reaction equilibria. We combine our high-
throughput model for the prediction of Gδ(T) with tabulated and
readily available DFT-calculated ΔHf and experimental Gibbs
energies for the elements, Gi(T) into Eq. (2) to enable the rapid
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Fig. 2 Descriptor performance. a Performance of the SISSO-learned descriptor (Eq. 4) on the training set. b Distribution of residuals between the SISSO-
learned descriptor and experiment on the training set. c Performance of the SISSO-learned descriptor (Eq. 4) on the test set. d Distribution of residuals
between the SISSO-learned descriptor and experiment on the test set. MAD is the mean absolute deviation, RMSD the root mean square deviation, N the
number of points shown, δ the mean deviation and μ the standard deviation. The curved lines are normal distributions constructed from δ and μ
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enthalpy, ΔHf, is known, the temperature dependence of the
enthalpy is reliably predicted with a simple linear fit (R2 ~ 0.97,
Supplementary Eq. 1) for the 309 solid compounds considered in
this work. This is assumed implicitly when the quasiharmonic
approximation34 of the phonon free energy is used to obtain G
(T), but is quantified here across a broad composition and
temperature space.

In addition to the thermodynamic quantities ΔHf and Gδ(T),
the chemical potentials of the elements, Gi(T), also have a critical
role in the Gibbs formation energy, ΔGf(T), and thus the
temperature-dependent stability of a given compound:

ΔGf T¼ Þ ¼ ΔHf 298K¼ Þ ð Gδ T¼ Þ Þ
XN

i¼1

αiGi¼TÞ ¼2Þ

where N is the number of elements in the compound, αi is the
stoichiometric weight of element i and Gi is the absolute Gibbs
energy of element i. While even at low temperatures
the differences in Gi between elements can be substantial (e.g.,
GC−GN= 0.28 eV atom−1 at 300 K), at higher temperatures,
differences in Gi of >1 eV atom−1 can result between solid and
gaseous elements (e.g., GC−GN= 1.12 eV atom−1 at 1200 K,
Fig. 1b). In contrast to the elemental Gibbs energies, Gi, which are
tabulated and thus require no computation or experiment to
obtain, the Gibbs energies of solid compounds, Gδ, are rarely
tabulated and computationally demanding to calculate. Further-
more, assuming that all temperature-dependent effects can be
captured by only including the elemental Gibbs energies and
neglecting those of the solid compound results in an incomplete
cancellation of errors and consequently inaccurate ΔGf(T).

The temperature dependence of the thermodynamic properties
of solids have often been assumed to be negligible relative to that
of gaseous species35. That is, the Gibbs energy is generally
assumed to be primarily entropic and principally due to
vibrations such that the temperature dependence of the formation
energies of solids is negligible. We examined this assumption for
hundreds of solid compounds by comparing the difference
between the experimental ΔGf(T) and the approximate ΔGf(T)
that results from assuming negligible temperature dependence of
the solid phase:

ΔGf ;app T¼ Þ ¼ ΔHf 298K¼ Þ Þ
XN

i¼1

αiGi;gas¼TÞ ¼3Þ

Given a binary solid AB, if A and B are both solid at a given
temperature, this assumption holds reasonably well and ΔHf
predicts ΔGf(T) relatively accurately, e.g. with mean absolute
errors of ~50 meV atom−1 at 900 K (Fig. 1c). However, if either A
or B are liquid at a given temperature, this error grows to ~100
meV atom−1 at 900 K. Even more alarming is the error produced
by this approximation if either A or B are gaseous at T, as is the
case for oxides, nitrides, halides, etc. with mean absolute errors
for ΔGf(T) of ~200 meV atom−1 at 900 K. In this approximation,
the chemical potential, Gi(T), of the gaseous element and the
formation enthalpy, ΔHf, of the solid compound are taken from
experiment and thus the larger error arises entirely from the
missing quantity Gδ(T). The larger error that arises when an
element is a gas or liquid, but not a solid, is due to the incomplete
cancellation of the solid vibrational entropy of the elemental
forms and the solid compound. That is, the distribution of
phonon frequencies in the crystalline compound of A and B
produce vibrational entropy SAB and if A and B are elemental
solids, they too have solid vibrational entropies SA and SB where
from Fig. 1c, we can presume in general: SAB ∂ SA+ SB. However,
when, for example, A is a diatomic gas, the magnitude of the

frequencies of the molecular vibrations of A are significantly
larger and the incomplete cancellation of the vibrational entropy
of AB and B leads to significant error as temperature increases.

Descriptor identification and performance. Because ΔHf and
Gi(T) are readily obtained from tabulated calculated or experi-
mental results, it is the lack of tabulated Gδ(T) which prevents the
tabulation of ΔGf(T) in computational materials databases
(Eq. 2). The SISSO (sure independence screening and sparsifying
operator) approach28 was used to identify the following
descriptor for Gδ(T):

Gδ
SISSO¼TÞ

eV
atom

! "
¼ Þ2:48 þ 10Þ4 þ ln¼VÞ Þ 8:94 þ 10Þ5mVÞ1# $

T

ð 0:181 þ ln T¼ Þ Þ 0:882

¼4Þ

where V is the calculated atomic volume (Å3 atom−1), m is the
reduced atomic mass (amu), and T is the temperature (K). SISSO
efficiently selects this descriptor from a space of ~3 × 1010 can-
didate three-dimensional descriptors, where the dimensionality is
defined as the number of fit coefficients (excluding the intercept).
A training set of 262 compounds with 2,991 (T, Gδ) points was
randomly selected from 309 inorganic crystalline solid com-
pounds with experimentally measured Gδ(T) (Fig. 1a) and was
used for descriptor identification. The remaining 47 compounds
with 558 (T, Gδ) points were reserved for testing. The descriptor
performs comparably on the training and test sets with mean
absolute deviations between the descriptor and experiment of
<50 meV atom−1 on both sets (Fig. 2). Notably, there is some T-
dependence on the magnitude of residuals, with larger deviations
as T (and therefore the magnitude of Gδ) increases (Supple-
mentary Fig. 2). There are three plausible reasons for this: (1) the
magnitude of Gδ being predicted increases so at fixed relative
error, the magnitude of the residuals is larger, (2) the number of
compounds with measured Gδ(T) decreases as T increases, and
(3) the physics dictating Gδ at high T are more complex due to
e.g., significant anharmonic vibrational effects that are less
accurately captured by the simple model of Eq. (4). Approxi-
mately one-third of the compounds considered have measured Gδ

(1800 K) and the mean absolute deviation (MAD) between
Gδ

SISSO and Gδ
exp is found to increase from 53 to 92 meV atom−1

from 1000 to 1800 K on the 47 compound test set. However, the
relative MAD actually decreases from 14 to 11% over this same
range on the test set, supporting reason (1) as a primary driver for
the increasing residuals at elevated temperature. Violin plots of
residuals for the training and test sets as a function of tempera-
ture are shown in Supplementary Fig. 2. More details of the
approach used for descriptor identification can be found in
Methods.

While a number of elemental and calculated properties were
considered as inputs, it is notable that SISSO selects a descriptor
dependent on only three quantities—temperature, atomic mass,
and (calculated) atomic volume. The identification of these
properties agrees well with intuition regarding the properties that
most significantly affect the magnitude of vibrational entropy and
free energy36,37. The phonon frequencies in a solid compound, ω,
are proportional to the force constant of the vibrational mode, k,
and the reduced mass, m, of the vibrating atoms of the mode,
with ω ~

ffiffiffiffiffiffiffiffiffi
k=m

p
in the harmonic oscillator approximation. As a

mode’s stiffness increases or its reduced mass decreases, its
vibrational frequency increases, leading to a decrease in
vibrational entropy and more positive Gibbs energies. This
relationship is also apparent in the descriptor for Gδ(T), where m
is included directly and V appears as a surrogate for k (larger
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• Phonon contributions to the compounds free 
energy of formation:

• SISSO (sure independence screening and sparsifying  
operator) approach was used to identify the following 
model for Gδ(T):

enthalpy, ΔHf, is known, the temperature dependence of the
enthalpy is reliably predicted with a simple linear fit (R2 ~ 0.97,
Supplementary Eq. 1) for the 309 solid compounds considered in
this work. This is assumed implicitly when the quasiharmonic
approximation34 of the phonon free energy is used to obtain G
(T), but is quantified here across a broad composition and
temperature space.

In addition to the thermodynamic quantities ΔHf and Gδ(T),
the chemical potentials of the elements, Gi(T), also have a critical
role in the Gibbs formation energy, ΔGf(T), and thus the
temperature-dependent stability of a given compound:

ΔGf T¼ Þ ¼ ΔHf 298K¼ Þ ð Gδ T¼ Þ Þ
XN

i¼1

αiGi¼TÞ ¼2Þ

where N is the number of elements in the compound, αi is the
stoichiometric weight of element i and Gi is the absolute Gibbs
energy of element i. While even at low temperatures
the differences in Gi between elements can be substantial (e.g.,
GC−GN= 0.28 eV atom−1 at 300 K), at higher temperatures,
differences in Gi of >1 eV atom−1 can result between solid and
gaseous elements (e.g., GC−GN= 1.12 eV atom−1 at 1200 K,
Fig. 1b). In contrast to the elemental Gibbs energies, Gi, which are
tabulated and thus require no computation or experiment to
obtain, the Gibbs energies of solid compounds, Gδ, are rarely
tabulated and computationally demanding to calculate. Further-
more, assuming that all temperature-dependent effects can be
captured by only including the elemental Gibbs energies and
neglecting those of the solid compound results in an incomplete
cancellation of errors and consequently inaccurate ΔGf(T).

The temperature dependence of the thermodynamic properties
of solids have often been assumed to be negligible relative to that
of gaseous species35. That is, the Gibbs energy is generally
assumed to be primarily entropic and principally due to
vibrations such that the temperature dependence of the formation
energies of solids is negligible. We examined this assumption for
hundreds of solid compounds by comparing the difference
between the experimental ΔGf(T) and the approximate ΔGf(T)
that results from assuming negligible temperature dependence of
the solid phase:

ΔGf ;app T¼ Þ ¼ ΔHf 298K¼ Þ Þ
XN

i¼1

αiGi;gas¼TÞ ¼3Þ

Given a binary solid AB, if A and B are both solid at a given
temperature, this assumption holds reasonably well and ΔHf
predicts ΔGf(T) relatively accurately, e.g. with mean absolute
errors of ~50 meV atom−1 at 900 K (Fig. 1c). However, if either A
or B are liquid at a given temperature, this error grows to ~100
meV atom−1 at 900 K. Even more alarming is the error produced
by this approximation if either A or B are gaseous at T, as is the
case for oxides, nitrides, halides, etc. with mean absolute errors
for ΔGf(T) of ~200 meV atom−1 at 900 K. In this approximation,
the chemical potential, Gi(T), of the gaseous element and the
formation enthalpy, ΔHf, of the solid compound are taken from
experiment and thus the larger error arises entirely from the
missing quantity Gδ(T). The larger error that arises when an
element is a gas or liquid, but not a solid, is due to the incomplete
cancellation of the solid vibrational entropy of the elemental
forms and the solid compound. That is, the distribution of
phonon frequencies in the crystalline compound of A and B
produce vibrational entropy SAB and if A and B are elemental
solids, they too have solid vibrational entropies SA and SB where
from Fig. 1c, we can presume in general: SAB ∂ SA+ SB. However,
when, for example, A is a diatomic gas, the magnitude of the

frequencies of the molecular vibrations of A are significantly
larger and the incomplete cancellation of the vibrational entropy
of AB and B leads to significant error as temperature increases.

Descriptor identification and performance. Because ΔHf and
Gi(T) are readily obtained from tabulated calculated or experi-
mental results, it is the lack of tabulated Gδ(T) which prevents the
tabulation of ΔGf(T) in computational materials databases
(Eq. 2). The SISSO (sure independence screening and sparsifying
operator) approach28 was used to identify the following
descriptor for Gδ(T):

Gδ
SISSO¼TÞ

eV
atom

! "
¼ Þ2:48 þ 10Þ4 þ ln¼VÞ Þ 8:94 þ 10Þ5mVÞ1# $

T

ð 0:181 þ ln T¼ Þ Þ 0:882

¼4Þ

where V is the calculated atomic volume (Å3 atom−1), m is the
reduced atomic mass (amu), and T is the temperature (K). SISSO
efficiently selects this descriptor from a space of ~3 × 1010 can-
didate three-dimensional descriptors, where the dimensionality is
defined as the number of fit coefficients (excluding the intercept).
A training set of 262 compounds with 2,991 (T, Gδ) points was
randomly selected from 309 inorganic crystalline solid com-
pounds with experimentally measured Gδ(T) (Fig. 1a) and was
used for descriptor identification. The remaining 47 compounds
with 558 (T, Gδ) points were reserved for testing. The descriptor
performs comparably on the training and test sets with mean
absolute deviations between the descriptor and experiment of
<50 meV atom−1 on both sets (Fig. 2). Notably, there is some T-
dependence on the magnitude of residuals, with larger deviations
as T (and therefore the magnitude of Gδ) increases (Supple-
mentary Fig. 2). There are three plausible reasons for this: (1) the
magnitude of Gδ being predicted increases so at fixed relative
error, the magnitude of the residuals is larger, (2) the number of
compounds with measured Gδ(T) decreases as T increases, and
(3) the physics dictating Gδ at high T are more complex due to
e.g., significant anharmonic vibrational effects that are less
accurately captured by the simple model of Eq. (4). Approxi-
mately one-third of the compounds considered have measured Gδ

(1800 K) and the mean absolute deviation (MAD) between
Gδ

SISSO and Gδ
exp is found to increase from 53 to 92 meV atom−1

from 1000 to 1800 K on the 47 compound test set. However, the
relative MAD actually decreases from 14 to 11% over this same
range on the test set, supporting reason (1) as a primary driver for
the increasing residuals at elevated temperature. Violin plots of
residuals for the training and test sets as a function of tempera-
ture are shown in Supplementary Fig. 2. More details of the
approach used for descriptor identification can be found in
Methods.

While a number of elemental and calculated properties were
considered as inputs, it is notable that SISSO selects a descriptor
dependent on only three quantities—temperature, atomic mass,
and (calculated) atomic volume. The identification of these
properties agrees well with intuition regarding the properties that
most significantly affect the magnitude of vibrational entropy and
free energy36,37. The phonon frequencies in a solid compound, ω,
are proportional to the force constant of the vibrational mode, k,
and the reduced mass, m, of the vibrating atoms of the mode,
with ω ~

ffiffiffiffiffiffiffiffiffi
k=m

p
in the harmonic oscillator approximation. As a

mode’s stiffness increases or its reduced mass decreases, its
vibrational frequency increases, leading to a decrease in
vibrational entropy and more positive Gibbs energies. This
relationship is also apparent in the descriptor for Gδ(T), where m
is included directly and V appears as a surrogate for k (larger
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Training set - 262 compounds with 2,991 (T, Gδ) points  
Test set - 47 compounds with 558 (T, Gδ) points 
Large set (millions) of candidate descriptors



DFT total energy from neural networks (GNN) - Ground state vs. higher 
energy structures

5S. Pandey, J. Qu, V. Stevanovic, P. St. John, and P. Gorai, Patterns 2, 100361 (2021) 

• Graph neural networks (GNN) used to model DFT total energies for both ground-state and higher energy 
(hypothetical) structures with the goal to facilitate structure predictions  

• Structure information now explicitly used (in the form of graphs) 
• Training set: DFT energies of 14,845 ICSD and 9,980 hypothetical structures (171 compositions)  
• Test set: 1405 structures across 10 compositions



Challenges/Opportunities:

6S. Pandey, J. Qu, V. Stevanovic, P. St. John, and P. Gorai, Patterns 2, 100361 (2021) 

• The set of higher energy structures is in principle infinite 

• Chemical substitution generates only a subset of possible higher 
energy structures 

• Experimental data scarce 

• Also, to make the problem tractable we restricted our training 
database to ~170 compositions for higher energy  

• As usual, extrapolation does not work very well 

• Good news: extrapolating to chemistries that are well-represented 
in the training set works better 

• Obvious, but not so simple solution - increase the size of the 
training set 

• Return on investment - accurate structure predictions, a necessary 
step in predicting synthesis outcomes



Predicting synthesis outcomes - The holy grail of materials discovery 

7

• Reliable structure predictions are necessary for materials discovery 

• They require a sufficiently accurate description of the entire potential energy surface 

• However, that is not sufficient  

• Physical picture and principles governing synthesis outcomes still under investigation



En
er

gy

Configuration space

P0 P1

P2

P4
P3

Basin of  
attraction

• “Widths” of attraction basins determine the probability to fall into a given local minimum 

• Previously discussed by S. Goedecker et al. (PRL 112, 083401, 2014) in the context of metallic clusters 

Hypothesized governing principle - Size of local minima on the PES

8
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• Random structure sampling (à la Pickard and Needs) followed by DFT relaxations  

• Frequencies of occurrence in random sampling can measure the “widths” of individual basins

First-principles random structure sampling

9
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• 2,000 random structures per system  
• All experimentally known metastable polymorphs appear as high freq. structures

V. Stevanovic, Phys. Rev. Lett. 116, 075503 (2016)
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Well “widths” and observed polymorphs
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Narrow local minima and the impact on synthesis

11A. Novick et al., J. Am. Chem. Soc. 147, 4419 (2025) 

TaC - large (“wide”) ground state TaN - narrow ground state

1,000 structures

24 atom cells
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• Important consequence is that narrow local minima are hard to synthesize 
• The example of TaN and the contrast to TaC provide some evidence that this is true
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ZnZrN2
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MgMoN2 MgWN2

MgNb2N3 ScTaN2

Predicting outcomes of thin-film synthesis - ternary nitrides

R. Woods-Robinson et al., Phys. Rev. Materials 6, 043804 (2022) A. Zakutayev et al., Nature Synthesis 3, 1471 (2024) 

• A large group of ternary nitrides grown at NREL 
further supports these conclusions
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• They are all grown in the cation disordered rocksalt structure and not in their ground states 
• Disordered RS consistently appears as the most frequent structure in random sampling
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Amorphous phases and glasses

13O. V. Pshyk et al., Advanced Materials 2501074 (2025) 

www.advancedsciencenews.com www.advmat.de

Figure 1. Computational structure predictions and experimental verification. The first-principles random structure sampling: plots of the space group
resolved thermodynamic density of states (TDOS) for A) Y2WN4 and B) YWN3. Combined XRD and XRF color maps of YxW1-xN thin films synthesized
at Ts of (A) %0 °C and B) 600 °C. XRD pattern of hexagonal WC-type WN and cubic rock-salt (RS) YN are given for reference in (C) and (D). C) shows
modelled XRD pattern for Y2WN4 and D) for YWN3 as well as a simulated XRD pattern for a sum of all theoretically predicted space groups for YWN3
available in the Materials Project database.[13 ]

600 °C across the substrate. High-throughput screening of the
composition and structure of the libraries by means of X-ray flu-
orescence (XRF) and X-ray di#raction (XRD) reveals a wide com-
position range 0.3% ≤ x ≤ 0.80 where thin films are X-ray amor-
phous with no signs of precipitation at Ts = 70 °C. Moreover,
the composition region of the amorphous phase stability shrinks
only slightly to 0.(0≤ x≤ 0.7% at Ts = 600 °C, demonstrating a re-
markable temperature stability of the amorphous phase. Further-
more, the experimental XRD patterns show an excellent agree-
ment with modeled XRD patterns (averaged over the ensemble
of random structures) for both Y%WN( and YWN3 (Figure )C,D,
the reciprocal interatomic distances are presented below in
Figure 2G,H) supporting the validity of the theoretical approach.
The calculations also allow to model neutron and X-ray scatter-
ing structure factors for these materials (Figure S%, Supporting
Information) showing typical patterns for amorphous materials.
Notably, the amorphous phase starts precipitating at a very low Y
and W alloying into WC-WN and RS-YN, respectively. This sup-

ports our above discussion about the very limited or no solubility
of WN and YN in each other and strong driving forces for the
growth of thin films with a complex phase composition in the
Y-W-N system.
Single composition samples of Y%WN( and YWN3 thin films

are grown on di#erent substrates (see Materials and Methods)
for further thorough studies of these amorphous materials. The
local and global structural assessment of Y%WN( and YWN3 thin
films grown at Ts = (00 °C using high-resolution scanning trans-
mission electron microscopy (HR-STEM) and selected area elec-
tron di#raction (SAED), respectively, reveals that all films are
completely amorphous without any sign of crystallization. Fast-
Fourier transform (FFT) patterns from correspondingHR-STEM
images show broad halos, typical for amorphous materials.[3% ]

Moreover, the large-aperture SAED patterns acquired from both
films exhibit a broad halo confirming amorphous structure and
no visible precipitation of crystalline phases at a more global
scale. The reciprocal interatomic distances obtained from SAED

Adv. Mater. 2025, 2(010%4 © 202(Wiley-VCH GmbH2501074 (3 of 11)
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• In the extreme, very few (if any) symmetric structures are found 
• The case of Y2WN4 indicates that this may be the feature of systems that form very stable amorphous phases 
• Additionally, we discovered that by averaging over the properties of individual “random” structures we can 

reproduce measured properties of the amorphous phase 
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Functional properties of amorphous phases - band like transport in In2O3

14M. Jankousky et al., in review (arXiv:2505.07707)



Depths of local minima

15M. Jankousky, H. Chen, A. Novick, V. Stevanovic, J. Am. Chem. Soc. 146, 23004 (2024) 

MgO TaC PbTe

RS RSRS

• We developed a geometric algorithm to map 3D periodic structures onto each other by minimizing displacements of 
atoms (F. Therrien, P. Graf, and V. Stevanovic, J. Chem. Phys. 152, 074106, 2020) 

• Allows to create an initial guess of the solid-solid transformation mechanisms  
• NEB method can then provide information about the bulk kinetic barriers, which measure the depths of local minima 
• Successfully reproduces known phase transformations and explains absence of polymorphism in binary rock salts



A type of PES coarse graining that allows to predict the “ease” of synthesis

16

Full Potential Energy Surface
Statistically 


relevant (wide) 

local minima

Wide and 
deep 

(realizable) 

local minima

• Chemistries for which this type of coarse graining does not work are prone to forming stable 
glassy/amorphous states

Random

sampling

Barrier

calculations



Outstanding challenges and an opportunity for ML 

17

• Plenty of evidence accumulated over the years in 
support of our hypothesis 

• Wide local minima more likely to synthesize 

• Challenge 1: the exponential growth of local 
minima with the number of atoms 

• To complete the coarse graining evaluating the 
depths is also important 

• Challenge 2: quadratic scaling of the number of 
pathways that need to be evaluated 

• ML force fields necessary to advance these ideas 
to nucleation length scales (several nm) 

• Challenge 3: Extrapolation of ML force fields to 
structures outside the training set

• Exponential increase of the number of PES local 
minima with the number of atoms (Stilinger 1999) 

• Randoms sampling result on elemental Si 
• ~32,000 randoms structures relaxed

Elemental Si



Conclusions

18

• Machine learning provides ample opportunities to model physical quantities that are hard (or even 
impossible) to calculate 

• Problem is not solved though, we need a lot of data and extrapolation remains a challenge 
• Herein I discussed a novel approach to predicting the “ease” of synthesis of solid phases that critically 

relies on structure prediction  
• ML force fields are crucial to make this concept more quantitative and able to rationalize nucleation of 

different phases and their phase transformations 
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